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1. INTRODUCTION 
Let p be a finite positive Bore1 measure defined and having compact support 
in the complex plane @. For each p, 1 < p < 00, let HP(&) denote the closure 
inLP(dp) of the polynomials in the complex variable z. In this article we consider 
the following question: Does W(dp) have at least one closed subspace, other 
than itself and {0}, which is invariant under multiplication by z ? The answer is 
known to be yes if p > 2 and yes in certain cases if p < 2. When p = 2 the 
question is equivalent to the invariant subspace problem for subnormal operators 
on Hilbert space and as such it has been widely studied. One of our main 
objectives here is to answer it for certain measures wdiz which are absolutely 
continuous with respect to planar Lebesgue measure dz4. 
In this approach invariant subspaces usually arise in connection with the 
zero sets of functions in HP. If, for example, HP(wdA) = Lp(wdA) and if X is 
any subset of the support of w with 0 < sx wdA < s wdL4, then S = {f E 
Hp(wdA): f = 0 a.e. on X> is a nontrivial closed subspace, invariant under 
multiplication by z. On the other hand, if Hp(wdz4) #L*(wdA), then it ma! 
happen that there exists a point 6 such that the map Q + Q(t) can be extended 
from the polynomials to a bounded linear functional on Hp(wdA). In this case 
Hp(wdL4) is said to have a bounded point evaluation at [ and if we let S be the 
closure in Ho(wdL4) of the polynomials vanishing at 5 we again obtain a nontrivial 
invariant subspace, since (z - 5) E S and 1 $ S. If w E Ll+E(d,4) for some E > 0, 
we shall prove (Theorem 1) that either Hp(wdi2) has a bounded point eval- 
uation or EP(wdA) = LD(wd.4) and thereby obtain a solution to the invariant 
subspace problem for measures of this form. Special cases of the result can be 
found in the author’s earlier papers [4-6]. 
In the second half of the article (Sections 3 and 4) we shall assume that Q is a 
bounded simply connected domain and that w > 0 is defined on 52. In addition 
to W’(Q, wdA) we shall also consider the space L,p(Q, wdA) which consists of 
those functions in Lr(Q, wdz4) that are analytic in Q. If w is bounded away 
407 
0022-1236/79/120407-14$02.00/O 
Copyright Q 1979 by AcademicPress, Inc. 
.X11 rights of reproduction in any form reserved. 
408 JAMES E. BRENNAN 
from zero or, more generally, if log w is locally integrable, then L,p(f2, wdA) is a 
closed subspace of Lp(i2, w&l) and Hp(G, w&l) C L,p(G, wdA) (cf. [6, p. 1751). 
Under these hypotheses it is an old problem to find conditions on 9 and w which 
imply that iYr’(Q, &A) = L,P@, w&l). Whenever this happens, the poly- 
nomials are said to be complete in L,p(sZ, wdA). 0 ver the years the completeness 
problem has attracted considerable interest but the results beginning with 
Carleman [9] have generally been for one special kind of domain or another. 
We shall give a complete solution to the problem for rather general weights in 
terms of bounded point evaluations (cf. Theorem 2). We make no a priori 
assumptions about the nature of the domain. In conjunction with this we are able 
to show that completeness fails only when each of the functions in Hp(l2, wd,Lz) 
admits an analytic continuation across a fixed piece of aG (cf. Theorem 4). 
For the remainder of this discussion the letters C and K will be used to 
denote various constants which may differ from one another, even within a single 
string of estimates. 
2. SOBOLEV SPACES AND CAPACITY 
In order to prove that the polynomials are dense in LP(wdA) it is sufficient 
to verify that if g E L*(wdA), q = p/(p - I), and JQg wdA = 0 for every 
polynomial Q then the Cauchy transform g$([) = s [gw(z)/(z - f)] dA, 
vanishes almost everywhere. Likewise, the completeness problem for L,p(!G, wdA) 
is simply a matter of deciding whether or not the corresponding transform 
vanishes in a somewhat more precise sense on XJ (cf. [7, p. 1191). We shall 
accomplish these tasks by making use of the fact that $ is a Sobolev function 
and that it is virtually continuous. 
We shall denote by W,q the Banach space of all functions u EL”(IIP) whose 
first partial derivatives (taken in the sense of distribution theory) also belong 
to Lq(KP). The norm is as follows: 
II u IIW1” = 11 (I u I2 + ) Vu I”)“” dA)liv, 
where Vu stands for the gradient of u. If k cL*(dA) and SQkdA = 0 for every 
polynomial Q, then x has compact support and, by a theorem of Calder6n and 
Zygmund, 
provided that q > 1 (cf. [24, p. 351). Th us, we are led to consider W,q functions 
in a rather natural way. For a fixed open set DC lFP we denote by J%‘rq(sZ) the 
closure of COW@) in W,‘J. Here COa(sZ) is the set of all infinitely differentiable 
functions with support in Q. 
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To measure accurately the exceptional sets associated with Sobolev functions 
we need to introduce the notion of capacity. For our purpose it can be assumed 
that q < 2. If 1 < q < 2, the q-capacity of a compact set EC @ is defined by 
T,(E) = inf s 1 Vu /Q dA 
and the infimum is taken over all functions u E CLz such that u = 1 on E. 
If q = 2, each function u is required to have its support in some fixed disk. 
The q-capacity of an arbitrary set Xis defined by 
r,(X) = sup r,(E), 
the supremum being taken over all compact sets EC X. A property is said to 
hold q-quasieverywhere if the set where it fails has q-capacity zero. 
For reasons that will become apparent in Section 3 it is convenient to have a 
different (but equivalent) definition of capacity. If v is a positive Bore1 measure 
in the plane and 0 < cy < 2 we define 
and if dv = fdA we write ~,f(r) instead. For an arbitrary set E we define 
C,(E) = inf 1 f” dA, 
where the infimum is taken over all nonnegative functions f ED(R”, dA) such 
that z+f(zc) > 1 on E. If E is a Bore1 set, it can be shown that 
C,(E)‘;* = sup v(E), 
the supremum being taken over all positive measures Y concentrated on E and 
satisfying )I uly IID < 1. It can also be shown that C, is equivalent to r, in the sense 
that there is a constant K such that 
for every E. For additional information and background material the reader is 
referred to Refs. [14, 171 and to the articles cited therein. 
As we have remarked, the Cauchy transform of an L* function K possesses 
certain continuity properties. We can now be more specific: Given any E > 0 
there exists an open set U such that r,(U) < E and x is continuous in the comple- 
ment of U (cf. [II, p. 369; 17, p. 3061). F unctions which have this property 
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are said to be q-quasicontinuous. It is a fact that every IV,* function agrees almost 
everywhere with one that is quasicontinuous. Of course, if q > 2, then l is 
actually continuous and we have a corresponding assertion about Wrq. 
The following lemma is due to Deny for q = 2 and to Bagby for 1 < q < CC 
(cf. [l, p. 264; 17, p. 3131). In case q = 330, however, this must be replaced by 
an argument of Ahlfors (cf. [2, p. 3; 16, p. 1681). Whenever this problem arises 
we shall leave it to the reader to supply the details. 
LEMMA 1. Let Q be an open set in the complexplane and let u E Wlq, 1 < q < GO 
be quasicontinuous. In. order that u E Fpl~(Q) ‘t z is necessary and su#&nt that 
u = 0 quasieverywhere with respect to T’, in @\a. 
In addition to quasicontinuity, there is also a notion of pointwise continuity 
associated with functions in W,q. A functiong which is defined q-quasieverywhere 
is said to be q-pseudocontinuous at x”, if for every X > 0 the set {x: ] g(x) - 
g(.z,J 3 X> is thin at +, . For a precise definition of thinness the reader is referred 
to [17]. It will be sufficient here to know that if 1 < q < 2, then a Bore1 set E 
is not q-thin at x0 if 
- F,(E n A,) “-l dr !( I Y2-Q - = co, -0 Y (2.1) 
where d, = d(~,, ; Y) denotes the disk of radius Y with center at x,, (cf. [17, 
p. 3021). If a set fails to be thin at a point, we shall say that it is thick at that point. 
Finally, we shall make extensive use of the following lemma due to Littlewood 
(cf. [l I, p. 3681). 
LEMMA 2. If v is a positive measure in the plane of total mass 1, then 
(i) s / uiy ID dA4 < K(sup, u;(z))~--~ if 1 < q < 2, 
(ii) f 1 ury /* dA < K supe u,“(z), where u,“(z) denotes the usual logarithmic 
potential. 
3. INVARIANT SUBSPACES 
We are now in a position to state and prove the theorem on invariant subspaces 
referred to in the introduction. The method of proof is based on ideas contained 
in [47] and will be used again in connection with the general approximation 
problem (Sections 4 and 5). 
THEOREM 1. Let w be a nonnegative function of compact support and J;x p, 
1 < p < co. If w E L’+<(dA) for some E > 0 then, either Ho(wd-4) has at least 
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one bounded point evaluation or Hp(wdA) = Lp(wd-4). In particular, Hp(wd-4) 
has a nontrizial closed subspace invariant under multiplication by x. 
For p > 2 Theorem 1 is true for any compactly supported measure dp 
(cf. [4, pp. 287-2881). For measures of the form wdA the result was obtained 
in [6] under the added assumption that slog wd-2 > -cc, the integral being 
taken over the support of w. 
Proof qf Theorem 1. We shall suppose that Hp(wd_iZ) has no bounded point 
evaluations and prove that Hfl(wdA) = Ll’(wdA). 
To accomplish this we assume that g E Lq(wdA), 4 = p/(p - I), and that 
J-Qg oda-2 _: 0 f or every polynomial Q. Since g E L*(wdA) and w E L1i-E(d.4), it 
follows from Holder’s inequality that gw ELO(dcZ) for some 01 > I and so, 
according to our remarks in Section 2, $ E R ‘r” Furthermore, g^w is actually . 
ol-quasicontinuous (cf. [I I, p. 369; 17, p. 3061). Under the assumption that 
Hp(wd-4) has no bounded point evaluations we shall prove that $ vanishes at 
every point of pseudocontinuity and hence almost everywhere. 
With this as our goal we fix a point [a and for each A > 0 we let E, = (2: 
/ ,@(:)I --: ,\‘I. We shall establish two things: 
(I) =\lmost every circle / z - &, 1 = r meets E,, in a set of positive linear 
measure; 
(2) E,, is thick at (a with respect to each of the capacities r, , OL > 1. 
Once these facts are known it can be inferred (from (2)) that if 4, is a point of 
pseudocontinuity for $, then 1 $([a)/ <A. Since this holds for every X > 0, 
we conclude that g$(&) = 0. 
We first indicate how (2) can be obtained from (1) and for this we argue as 
in [7, pp. 13-S-1361. We denote by A, = A(&, ; r) the disk of radius r with 
center at [a and we fix a radial segment S. By virtue of property (1) there is a 
compact set KC (EA n A,) such that K projects along circles centered at &, 
onto a subset of S having A, measure (i.e., l-dim Hausdorff measure) 3 r/2. 
We can then choose a Bore1 set I’C K which projects in a one-to-one fashion 
onto the same subset of S. By setting p(B) = A, (Proj(B n I’)) for each Bore1 set 
B, we obtain a measure which is concentrated on E,, n A,. . If we let /3 = a,/(~- 1) 
and apply Lemma 2 with v = r-‘p we see that 
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Thus, G = C-1r(2-~)/~ is a measure on E,, n A, with the property that // up (I4 < 1. 
Since u has total mass at least equal to Cr(s-~)/~, it follows that 
r,(E,, n A,) 3 02-a 
and this holds for all Y. We conclude from this and (2.1) that E,, is thick at &, 
with respect to I’, . 
It therefore remains to verify assertion (l), which is where the hypothesis 
about bounded point evaluations is used. We first assume that the assertion 
is false. This means that there exists a set X of nonnegative real numbers, 
having positive linear measure, such that 1 g^w 1 3 X almost everywhere on 
1 z - [,, 1 = r for every Y E X. If we let X* denote the union of all circles 
1 z - & 1 = r associated to these values of r then, by the mean value theorem, 
for a suitable constant C. Since JQg wdA = 0 for every polynomial Q, it follows 
from an argument due essentially to Cauchy that 
Q(f) = -i&j” i?(a)f$+d& 
at every point 5 where g/\w(s) is defined and not equal to zero. In particular, 
this is valid for almost every 5 E @\E, and therefore 
Because / & / > A almost everywhere on X* and (z - I))’ is locally integrable, 
I QGo)l G C j- I Q I I g I w dA 
and hence 1 Q(&,)l < C 11 Q JILp(,aa) for every polynomial Q. This, of course, 
contradicts our assumption that HP(wdA) h as no bounded point evaluations 
and we are forced to conclude assertion (1). Q.E.D. 
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Note added in proof. Since the present article was submitted for publication, there 
have been at least two noteworthy developments in connection with questions raised in 
this investigation, the most striking being the solution of the invariant subspace problem 
for subnormal operators. 
1. In his thesis (University of California, Santa Barbara, 1978) Scott Brown has shown 
that EP(dp) always has a nontrivial invariant subspace. However, for a general measure /L, 
it is still not known if Hz(+) has a bounded point evaluation whenever Hz(&) # L*(&). 
2. S. 1’. Hruifev has shown that the hypothesis of Theorem 1 can be relaxed. In 
particular, he has obtained the following result (unpublished): 
THEOREM 1’. Let w > 0 haae compact support and jx p, 1 < p < 00. If 
J w(logf w), d.4 < CD, then either HP(wdA) has at least one boundedpoint evalua- 
tion or Hp(wdzZ) = Lp(wdA). 
HruEev’s proof proceeds generally along the same lines as that of Theorem 1, 
the main difference being the use of an idea of Carleson (cf. Section 5) in place 
of the potential theoretic notion of quasicontinuity. We shall give a proof which 
avoids both of these concepts. However, it should be noted that our later results 
(i.e., Theorems 2 and 4) rely heavily on ideas from potential theory and in 
particular on our original treatment of Theorem 1. For this reason we have made 
no changes in the exposition of that result. 
Proof of Theorem 1’. We first suppose that g E LQ(wdA) and that sQggwd,4 =0 
for every polynomial Q and we let EA = {a: ] g^w(z)I < A}. As before, given any 
point to, almost every circle 1 z - [a 1 = r meets EA in a set of positive linear 
measure. Our problem is to use this fact to prove that g^w = 0 almost everywhere. 
This can be done as follows: Let K = gw and suppose that 1 & j > E on some 
set X of positive d-4 measure. Let 5 = & * xj be the convolution of x with a 
Ca approximate identity and define E,i = {I /& 1 = t} and Pi(t) = length (EJ). 
According to our assumptions J I K I (log+ [ K 1) dA < co and so, by a theorem 
of Calderon and Zygmund, Vff gL1 because 
ar2 y-7& and aff 
az’ s 
‘(‘) dA, , 
(5 - 4’ 
the last integral being taken in the principal value sense (cf. [24, p. 481). This 





] grad xi I dA 
414 JAMES E. BRJZNNAN 
for all i = 1, 2,.... In particular, sd Pj(t) dt < 1M and so we may assume, by 
passing to a subsequence if necessary, that Pj(to) <L, j = I, 2,..., for some 
sufficiently large number L and some t, , 0 < t, < E. The latter is a straight- 
forward consequence of Fatou’s lemma. 
Now choose a collection of disjoint disks BI ,..., BN with centers at [r ,..., lN 
so that 
(i) meas(Bi n X) > 3/4 meas( i = 1, 2,..., IL’; 
(ii) c rad(Bi) > 1OOL. 
1 
Since we can again pass to a subsequence and arrange that 5 -+ & uniformly 
off sets of small measure, we can assume that for large values ofj at least half 
of the circles 1 z - ti 1 = r in Bi meet the set where 1 I& 1 > E. On the other 
hand, almost all such circles also intersect the set j 5 1 < t,,/2 and because Ai is 
smooth they evidently pass through the level 1 & 1 = t,, . Thus, if i is large we 
conclude that 
Pj(ta) > l/2 1 rad(B,) > 5OL, 
2 
which is a contradiction. Hence, x = &II = 0 a.e. 
4. THE GENERAL APPROXIMATION PROBLEM 
As stated in the introduction, the completeness problem for domains was 
first studied by Carleman [9] in 1923 for the weight w = 1. He proved that 
HJ’(SZ, d/l) = L,p(Q, dA) if Q is a Jordan domain and a decade later Markugevic 
and Farrell obtained, independently, the corresponding theorem for Carathtodory 
domains (cf. [20, p. 1121). We recall here that a Caratheodory domain is by 
definition a domain whose boundary coincides with the boundary of the un- 
bounded complementary component of its closure. Thus, by 1934 the most 
important remaining question was this: Does the Caratheodory property 
characterize completeness for L,p(Q, dA)? The following are more or less 
typical of the kind regions that had to be considered: 
(i) a Jordan domain with a cut or incision in the form of a simple arc 
from an interior point to a boundary point; 
(ii) the crescent, i.e., a region topologically equivalent to one bounded by 
two internally tangent circles. 
In the first case completeness obviously fails if the cut is smooth. For domains 
of the second kind KeldyH discovered that the polynomials may or may not be 
complete in L,p(sZ, dA) depending on the thickness of Q near the multiple 
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boundary point (cf. [20, p. 1161). This took place in 1939 and only much later 
was it learned that it is possible for the polynomials to be complete in L,P(Q, dA) 
even for domains with boundary cuts, provided there are sufficiently many of 
them. That discovery was due to Mergeljan (cf. [20, p. 120; 221). In order to 
explain the completeness phenomenon he subsequently conjectured [21] that 
in order for the polynomials to be complete in La2(Q, dA) it is necessary and 
sufficient that for each point [ E LX2 and each E > 0 there exists a polynomial Q 
with the following properties: 
This is very close to suggesting that P(sZ, dA) = L,‘(sZ, dA) if and only if 
EiT(LJ, dA) has no bounded point evaluations on afi. Eventually, Sinanjan [23] 
(cf. also [19]) put it exactly this way. We shall first verify his seemingly more 
modest assertion andlater inSection we shall establish thevalidity of Mergeljan’s 
original conjecture. Of course, we shall not restrict the discussion to p = 2. 
In order to consider domains with relatively few boundary cuts, such as a 
disk with a single radial slit, we must introduce a weight w. Roughly speaking, 
the polynomials will be complete in L,P(Q, w&l) if w(z) --f 0 sufficiently rapidly 
at the inner boundary, i.e., at the cuts. However, this is not the only factor 
that can influence completeness. It is not true, for example, that Np(sZ, wdA) = 
,&P(G, w&l) whenever L’ is a Caratheodory domain, even if w is bounded 
(cf. [18, pp. 3-4; 20, p. 1341). In general, one must impose additional restrictions 
on the weight. 
To avoid certain technical difficulties we shall assume for the time being 
that w E La. We shall also follow established custom and require that if q maps Lr 
conformally onto the open unit disk D, then 
HP@, 44 W = L,p(D, 4) d4 6%) 
where # = v-1. Unfortunately, it is difficult to tell in any given instance if 
property (-4,) is satisfied and our results are therefore limited in this regard. 
We remark only that w has property (A,) for everyp if w(#) is constant on each 
circle 1 z 1 = Y( 1 - E < Y < 1). When viewed on Lr this just says that w depends 
only on Green’s function near the boundary. This means, of course, that w will 
not distinguish between the “inner” and “outer” boundaries. Nevertheless, 
one can construct weights which approach zero only at points in the closure of 
the inner boundary and still property (A,) is satisfied (cf. [20, p. 1331). 
Most of the existing results on approximation with respect to general weights 
make use of the following elementary fact and we shall do likewise. For a proof 
see [7, p. 122; 15, p. 121 or [20, p. 1361. 
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LEMMA 3. If, for a fixed p, the weight w has property (A,) and ;f IJP(c$)~/~ E 
H”(Q, wdA) for n = 0, I, 2 ,..., then HP@, wdA) = La”@, wdA). 
Our principal result is this: 
THEOREM 2. Let D be a bounded simply connected domain and let w ELM 
be a weight having property (A,). I n order for the polynomials to be complete in 
L,P(Q, wdA) it is necessary and su..cient that Hp(s2, wdA) have no bounded point 
evaluations on FQ. 
We note that if w = 1 on Sz, then property (A,) is automatically satisfied and 
consequently Theorem 2 applies in this context. Also, Lemma 3 can he dropped 
and the proof becomes a bit simpler. Our contribution is in the demonstration 
of sufficiency. Necessity was established several years ago by Sinanjan [23] 
(cf. also [19, pp. 204-2061). S ince his proof is quite short, we have included a 
dual version of it here (cf. [7, p. 1321). 
Proof of Theorem 2. Suppose that HP(Q, wdA) = L,p(Q wdA) and that 
Hp(Q, wdA) has a bounded point evaluation at some point 6 E X?. Then, there 
is a function g E Lq(f2, wdA), q = p&p - l), with the property that 
Q(4) = j Qe dA (4.1) 
for every polynomial Q. Hence, s(z - 5) Qg wdA = 0. Since Sz is simply 
connected and 5‘ $ G, we can define in JJ an analytic branch of (z - 6)s for 
each real /I. By choosing a positive integer n so that l/n < 2/p we see that 
(a - &l/n E L,P(Q, wdA) and therefore 
(z-.$)gwdA=O. 
Continuing in this way, it follows that 
i (z - ~)l-~‘~ Qgw dA = 0 
for k = 1, 2,..., n and every polynomial Q. For k = n this reduces to 
s Qgw dA = 0, 
contradicting the reproducing property (4.1). From this necessity follows. 
Turning to the proof of sufficiency, we suppose that HP(Q, wdA) has no 
bounded point evaluations on aG. To prove that Hp(Q, wdA) = L,P(S, wdA) 
we must show that if g E Lq(Q, wdA) and if SQg wdA = 0 for every polynomial 
Q, then SFg wdA = 0 for every F of the form t~P(v’)~/fl. 
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Since w E La, we know by the argument in Theorem 1 that $I = 0 almost 
everywhere with respect to r, on XJ. Lemma 1, therefore, asserts the existence 
of a sequence pj E C,,m(@\X?) such that 
II $ - gw IlL’ - 0 
as j - co. Thus, if F EL~P(Q, wdA) n Lp(sZ, dA), then 
Moreover, integrating by parts we see that 
s R F$$dA = --J‘ngpsdA = 0 
for all j, since F is analytic in Sz. Because we can take F = yn(v’)*/P, the proof 
is complete. Q.E.D. 
Although we have been unable to establish Theorem 2 for unbounded weights, 
the following substitute can be obtained by the methods outlined in the preceding 
pages. In connection with this the reader should also consult [15, p. 117; 6, pp. 
1764791. 
THEOREM 3. Let 52 be a bounded simply connected omain and let w E L1+E 
(Q, dA) be a nonnegative weight function. If Hp(Q, wdA) has no bounded point 
evaluations on &Q and if E’ = (1 + E)/Q, then every function F in Lp(O, wdA) n 
Lm’(Q, dA) belongs to HP@?, wdA). 
Combining this with the known integrability properties of derivatives of 
conformal maps (cf. [8]), we obtain a statement about completeness. 
COROLLARY 1. If w has property (Ap) and if w EL~(Q, dA), then Hp(J2, 
wdA) = L,p(Q, wdA) whenever Hp(Q, wdA) has no bounded point evaluations 
on an. 
5. POINT EVALUATIONS AND ANALYTICITY 
In the absence of an effective means for determining whether HP has a bounded 
point evaluation or not, we have, perhaps, given a somewhat unsatisfactory 
solution to the approximation problem. On the other hand, it may not be possible 
to go much beyond this in a general setting and, furthermore, with the informa- 
tion now at our disposal completeness can be characterized in terms of a more 
familiar concept. 
$3434345 
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THEOREM 4. Let Sz be a bounded simply connected domain and let w E Lot be 
a wezght havingproperty (A,). If the polynomials fail to be complete in L,P(Q, wdA), 
then there exists a point &, E 22 and an open set U containing &, such that every 
function in Hp(Q, wdA) admits an analytic continuation to CT. 
This phenomenon has been observed in a wide range of special cases by 
KeldyZ., Saginjan, Rfergeljan, Tamadjan, Beurling, and the present author. 
See, for example, [3, pp. 155-161; 6, pp. 182-184; 7, pp. 131-132; 18, pp. 14-17; 
20, pp. 121-123, 140-142; 21, p. 904; 22, pp. 85-941. As a general principle, the 
continuation property seems to have been first suggested by Mergeljan [21] in 
1955 for the weight w = 1. For arbitrary weights we have the following parallel 
result which is pertinent to the discussion in Section 3. 
THEOREM 4’. Let w be a nonnegative function of compact support belonging 
toL1+E(dA). If thepolynomialsfail to be dense inLp(wdA), then there exists a point &, 
in the support of w and an open set U containing & such that every function in 
H*(wdA) admits an analytic continuation to LT. 
Proof of Theorem 4. Suppose that Hp(Q, wdA) f L,P(Q, wdA). According 
to Theorem 2 there is at least one point &, E aJ2 at which Hp(Q, wdA) has a 
bounded point evaluation. Consequently, there is a function g E LQ(Q, wdr2), 
4 = p/(p - I), with the property that 
for every polynomial Q. Thus, if we set k = (z - [Jgw, then j Qk dA = 0 
and A(&) = 1. 
We now fix /\ < 1, we let E,+ = {z: / R(z)1 < X>, and we claim that there is a 
set X of nonnegative real numbers, having positive linear measure, such that 
for each Y E X the circle 1 .a - &, / = r lies almost everywhere in the complement 
of EA . To prove this we simply make the opposite assumption and argue as in 
the proof of Theorem 1 to obtain a contradiction. We cannot, however, appeal to 
the general fact that R is pseudocontinuous quasieverywhere, since we are 
concerned with its behavior at a particular point 5, . Instead we resort to an 
idea of Carleson, [lo]: Under the supposition that almost every circle 1 z - &, I= 
Y meets EA in a set of positive measure, we shall construct a family of probability 
measures v,. in such a way that 
(i) or is concentrated on E, n (1 z - to ) < Y); 
(ii) vz s R dv, = k([,) = 1. 
Since each V, is carried by the set where 1 h 1 < h, this immediately gives the 
desired contradiction. 
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As an aid in constructing the v,.‘s we let x denote the characteristic function 
of EA and we let Z(Y) be the linear measure of (I z - &, 1 = Y) n EA . We define 
for every Lebesgue measurable set B. In this way we obtain a measure which is 
evidently concentrated on E,, and for which cr(j z - &, j < Y) = r. We then 
define vl. to be the restriction of Y-ICI to the disk 1 z - &, I< Y. Using the fact that 
/+E[;)lj;!j z - 6 I] dA < co, property (ii) can be verified exactly as in [6, pp. 
At this point we have established the existence of the set X. We now let X* 
denote the union of all circles / z - &, / = Y for Y E X. Thus, X* has positive 
two-dimensional measure and we may assume that it is contained in an annulus 
+S < j z - & ] < 8, 6 > 0. Finally, we let U be the disk / z - f0 1 < S/4 and 
we observe that by the Cauchy integral formula there exists, for each [E LT, 
a function G, E Lm with the following properties: 
(iii) Q(f) = Jx*QGE dA for every polynomial Q; 
(iv) 11 G, 11% < C for some constant C which does not depend on [E U. 
If we now go back to the discussion in Section 3 and use the fact that 1 L j > X 
almost everywhere on X* we conclude that there is still another constant C 
such that 
I Q(S)1 G C I/ Q lILvto,wdAj 
for every polynomial Q and every 5 E .!J. This is enough to ensure that every 
f E Hp(Q, wdA) has an analytic continuation to cr. Q.E.D. 
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